I. Motivation and Objective
Most shock-capturing methods are either inefficient for practical computations or only valid for transonic or supersonic perfect gas calculations. For hypersonic, perfect gas, equilibrium real gases or nonequilibrium flow% improvement and modification to existing methods are necessary. In addition, viscous hypersonic and nonequilibrium flow problems are generally stiff and implicit methods are generally preferred over explicit methods.
Some of the numerical issues for steady inviscid hypersonic blunt-body flow computations were addressed in our earlier paper [ The improved schemes are based on a classof implicitTotal VariationDiminishing (TVD) type algorithmsoriginally designedfortransonicand supersonicmultidimensionalELder and Navier-Stokes equations [4] [5] [6] . The extended conservative shock-capturingschemes are spatially second-and thirdorder,and are and fully implicit. They can be first-or second-orderaccuratein time and are suitable for eithersteady or unsteady calculations. In addition,the current unifiedformulationallows the inclusion of the MUSCL-type approach [7] in conjunction with a local characteristic approach [24, 6] or flux-vector splittings [8] (see section II for an explanation). For the present study, particular emphasis is placed on second-order implicit time-accurate high-resolution algorithms.
The algorithms are formLdated in finite volume and pseudo finite volume forms which, for certain physical problems and grid distributions, can enhance stability and convergence rate for highly clustered or skewed grids and require only a slight modification from the form originally presented in Yee and Harten [5] for generalized geometries. It is emphasized here that the use of the term TVD-type schemes pertains to the property of the algorithm as applied to one-dimensional nonlinear scalar hyperbolic conservation laws or constant coefficient hyperbolic systems in a semidiscrete sense. Theoretical justification of the proposed fully discretized schemes on the preservation of TVD property for the general nonlinear scalar hyperbolic conservation laws is under investigation.
Moreover, the high-resolution property of these schemes for multidimensional nonlinear systems of hyperbolic conservation laws is evaluated by numerical experiments.
In particular the following numerical issues are addressed: 
In this study the thin-laver Navier-Stokes approximation is assumed by dropping all the 0(.)/0_ derivatives in the viscous terms. Also, stability and convergence rate viscous results are for a perfect gas and laminar flows with adiabatic wall conditions.
Riemann Solvers
Here the usual approach of applying the one-dimensional scalar TVD schemes via the so called [18] showed that the expressions for both these splittings can be generalizedto an arbitrarygas by using the variable7 = Pc_/P, and adding to the split energy fluxa term equal to the product of the split mass fluxand the quantity -c2/[7(7 -1)](seereferences [18, 11, 12, 15] forthe exact formulas).
The current study on the shock resolution of the various schemes [1,4-6,9] for two-dimensional steady-state blunt-body inviscid computations indicates similartrendsas the one dimensionalstudy with firstorder implicitoperators do not requirethe Jacobian of the F + and G _ fluxes. Here F ± is the portion of the flux with positive/negative eigenvalues.In many instances, the Jacobians of these fluxesare relatively difficult or expensiveto obtain,in particular fornonequilibriumflows.A similar difficulty appliesto the MUS('L formulationsvia the Roe type approximate Riemann solverifa spatially second-orderimplicitoperatorisdesired. For thesereasons,the linearized implicit versions of Harten and Yee [4]and Yee [6]are preferredover the van Leer type schemes. Consequently, numerical studieson the extensionof the former schemes to hypersonicflowsare emphasized. Some of these pointswillbecome more apparent when an unifiedformulationof theseimplicit methods is presented in section2.2.An unified fornmlationof the correspondingexplicit _chemes can be found in reference [12] .
Description of the Implicit TVD schemes
In the application of TVD-type schemes for viscous flows, the physical problems considered here are assumed to be inviscid dominated in the sense that moderate or strong shock waves are present in the flow field such that high-resolution shock-capturing techniques are required. Thus the numerical procedures used here for the compressible Navier-Stokes calculations are a second-order central difference approximation for the diffusion terms and TVD-type schemes for the inviscid part of the Navier-Stokes equations. The question of whether the present numerical dissipation term (due to the TVD-type terms) has an adverse effect on the true viscosity terms in the boundary layer region is not known at this point. What we can conclude from the current study is that the portions of the solution slightly or far away from the boundary layer are quite accurately simulated.
The two-parameter fanfily of explicit and implicit high-resolution schemes presented here is based on a semi-discrete methodology and on the one-parameter family of TVD-type algorithms developed in references [19, [4] [5] [6] .
The idea is to use the same spatial discretization as references [19, [4] [5] [6] Let At be the time step and let the grid spacing be denoted by A_ and Aq such that _ = jA_ and 77 = kA_ 7. Also let _ At An at. = _ and = --a,' then a two-parameter family of explicit and implicit TVD-type algorithms in generalized coordinates for two-dimensional systems (1) with F,, = Gv = 0 can be written as 
The corresponding pseudo finite volume formulation will be discussed in section 2. 
The values _, _y, il_ and flu are evaluated by three-point central differences. Similarly, one can define the numerical flux Gj,k+ ½ in this manner.
Here the form of _'j+ ½ can be divided into two types: (a) a spatially second-order syrnmetric TVD-type scheme [6, 24, 25] in which the numerical dissipation terms are independent of the sign of the characteristic speeds and (b) a spatially second-order upwind TVD-type scheme [19, 5] in which the numerical dissipation terms depend on the sign of the characterislic speeds. 
Here 6 is a small parameter. In practical calculations 10 -r <_ 6 <_ 10 -s is a commonly used range. 
MUSCL Approach
where _ discussed below, is a parameter to control the spatial accuracy of the scheme. The operations count between (6)-(9) and (10,11) is within 30% for a perfect gas.
However, due to an extra evaluation per dimension in the curve fitting between the left and right states in an equilibrium real gas for (10,11), additional computation is required for the MUSCL approach. The slight advantage of (10,11) over (6)-(9) is that (10,11) can be spatially third-order accurate. However, experiences with the third-order case (7 = 1/3) do not show a very visible improvement over the second-order case for problems with discontinuities.
Part of the reason is that all TVD-type schemes reduce to first-order at points of extrema regardless of the order of accuracy at smooth To solve for U n+l in (5) one normally needs to solve a set of nonlinear algebraic equations iteratively. One way to avoid this is to linearize the implicit operator and solve the linearized form by other means.
Following the same procedure as in references [4-6], a conservative linearized alternating direction implicit (ADI) form of (5) for the numerical fluxes (6) and (10a) can be written
The nonstandard notation E" = 4(?"; To compute (12g,h), a triple matrix multiplication of dimension (4 × 4) has to be performed at every grid point. For steady-state applications, one can simplify (12g,h) as
The scalar values M_ and M, are
and I is the identity matrix. Note that (13a,b) involve scalar multiplication only. The solution using (13) is still second-order (or third-order) accurate after it reaches steady-state. Other linearized implicit forms can be found in references [4-6].
General Assumptions and Limitations on the Numerical Studies
The present study is by no means an exhaustive investigation.
There are additional elements and parameters (other than the ones considered here) in the algorithm itself as well as in the physical problem, such as flow type and geometric complexity, that can affect or interfere with the performance of the numerical scheme. Even within the numerical issues listed in section I, the study is limited to a sampling of the parameter range for the time-step size or CFL number and the form of 61 in (7b). In particular, various strategies to speed up and stabilized the start-up solution from freestream conditions for steady computations have not been investigated. What is discussed here is intended to give interested readers some guideline for the use of the algorithm and to shed some light for further study and improvement of the scheme and the development of better ones. All of the numerical studies discussed in the subsequent sections rely on the following assumptions and considerations:
1. Although the recommended finite volume formulation (6) closely mimics the regular finite volume formulation for two dimensions, the results obtained in this report used a slightly different formulations than (6). In particular, three formulations (hereafter referred to as the pseudo finite volume formulations) for the non-MUSCL schemes were investigated and are as follows 
Here Jj+] and kl in equations (15) and (16) are the same as (14b,c). For highly skewed grids and nonuniform flows, equations (6) and (14) are preferred over (15) and (16) . However, (14) and (15) do not preserve freestream whereas equations (6) and (16) do. All of the results present in section V use (15) . One of the blunl-body cases was rerun with equation (6) and (14)- (16) and no noticeable difference was observed.
We expect all of the conclusions on the behavior of (14)-(16) to be carried over to equation (6) , since all of the exaanples use mildly clustered yet quite regular and nearly orthogonal grids.
In two dimensions the present pseudo finite volume fornmlations can be made 'truly' finite volume by a slight modification of equations (14)- (16) 29, 30] for the inviscid flow and as in reference [21] for the viscous flows. Studies [31] showed that proper treatment of numerical boundary conditions has a major impact on the stability and convergence rate of the scheme.
Therefore the types of boundary condition treatment used here reflect on the performance of the stability, accuracy and convergence rate of the present algorithm.
•4. For steady-state computations, the convergence rate not only depends on all of the elements and parameters (to be discussed shortly), but more importantly also on the type of grid associated with the computation.
Studies show that, in general, a coarse nearly uniform orthogonal grid converges 1-3 times faster than a similar finer grids, and possibly an order of magnitude or more faster than highly clustered or skewed grids. What will be presented in section V represents fairly uniform to mildly clustered grids. Most of the grids used for the numerical study were not very coarse; thus the number of iterations quoted is naturally higher than its coarse grid counterpart. Math numbers, the different choices of the eigenvectors have a negligible effect on the convergence rate. However, for large Math number cases, the magnitudes of all the variables at the jump of the bow shock are not the same. In general, the jumps are much larger for the pressures than for the densities or total energy.
Studies indicated that employing the form R j+½ such that the variation of the o are of the same order of magnitude as the pressure would be a good choice for hypersonic flows. The form similar to the one used by Gnoffo [35] or Roe and Pike [36] can improve the convergence rate over the ones used in references [37, 38] . In all of the computations shown the form Rj+ _ used is the same as in references [37, 38] except for an extra factor of 1/c]+½. With this extra factor the variation of the a are in fact proportional to the pressure. Other forms of R j+ have not been investigated.
Due to the large gradients
and to the fact that the initial conditions are far from the steadystate physical solution, the path used by the: implicit method can go through states with negative pressures if a large time step is employed. A convenient way to overcome this difficulty is to fix a minimum non-negative allowed value for the density and the pressure. With this safety check, the scheme allows a much larger time step and converges several times faster. ).This lattersafety check isin particular helpfulforthe symmetric TVD algorithm (7).
IV. Behavior of the Algorithm with Different Temporal Differencing
It is emphasized here that since the method (12) is written in the 'delta' formulation,either the backward Euler (first-order) or the three-pointbackward differentiation (second-order)time dlscretizations requirethe same amount of storageand a similar operationcount. Therefore, the main consideration between the two time-differencing methods istheirrelative stability and convergence rate.
Inviscid
Unsteady Flows: For inviscid unsteady flows, the explicit TVD-type methods [29, 12, 11 ] are more efficient than the second-order implicit method (12). Unless the inviscid problem is stiff, there is no advantage of employing an implicit method for inviscid unsteady flows.
Inviscid Steady Flows:. The backward
Euler implicit method has a better stability and convergence rate than the three-point backward differentiation implicit method. Also a local time-stepping procedttre can speed up the convergence rate for the former time-differencing method whereas the same procedure has little effect on the convergence rate when compared with a fixed time step procedure for the latter time-differencing method.
Viscous Unsteady Flows:.
Computations on the unsteady viscous flows mainly use the second-order time differencing since a larger time step can be used compared with the temporally first-order implicit method.
Due to the highly clustered viscous grid used in contrast to their inviscid counterpart, solving a viscous unsteady complex shock interaction using an explicit TVD-type method is not practical due to its inherent time step restriction. In certain cases, the time step might be an order of magnitude smaller than the implicit counterpart.
A nmre detailed study of unsteady viscous hypersonic blunt-body flows with an impinging shock is reported in reference [22] .
Viscous Steady Flows: At present there is no detailed viscous steady flow study comparing the firstorder time differencing using a local time-stepping approach with the second-order time differencing using a constant time step approach.
But the general trend is that the second-order time differencing has slightly better stability and convergence rate than the former one. In particular, a summary using a fixed time step approach comparing the two time-differencing algorithms is discussed in section V.
V. Numerical Results
The various numerical aspects discussed in sections II/-IV are complimented by a variety of steady and unsteady, viscous and inviscid hypersonic blunt-body flow computations in this section. Six types of blunt-body test cases are illustrated in figures 1-11. Test cases 1 and 2 are inviscid, perfect and real gas, non-interfering blunt-body flows. Test case 3 is a steady inviscid, perfect gas blunt-body flow with an impinging shock. Test cases 4-6 are viscous steady and unsteady perfect gas blunt-body flows with and without impinging shocks. Another area of investigation is that for viscous computations, the Jacobian of the visc5us terms on the implicit operators are rather expensive to compute. To maintain the spatial order of accuracy, for sure these terms are needed for unsteady flows. Whether the omission of these terms has a major impact on the stability and convergence rate of the algorithm for steady-state calculations is not known. Therefore, an investigation has been made on the difference in the convergence rate for the algorithm with or without the viscous terms in the implicit operator. A brief summary is included in the following subsection.
Comparison Among the Various Linearized

Choice of Limiters:
Unlike flows with transonic and low supersonic shock waves, problems containing strong hypersonic shock waves are more sensitive to the treatment of limiters. Using the more diffusive limiter (7c) or (9c) turns out to be more stable than other more compressive ]]miters.
In terms of shock resolution for both the symmetric and upwind TVD-type of schemes, the sequences written in equations (7c)-(?e) and (Pc)-(Pg) are in order of increasing accuracy.
On the other hand, these sequences are in order of decreasing stability and convergence rate. The more compressive limiters like (Pf) and (Pg) have a very low stability and slow convergence rate for steady flows. The same conclusion applies for unsteady flows where the more compressive limiters have a very restricted time step limit. From our experiences, it is not advisable to use (9f) and (Pg) for complex steady shock wave interactions.
In particular, limiter (Pg) should be used only for the linear fields (i.e., for the u and v characteristic fields in the _-and y-direction respectively). The freestream conditions for the current study are Moo = 15 and 25, p0¢ = 1.22 × 103 N/m 2, poo -1.88× 10 -2 kg/m 3, and Too = 226°K. Figure 1 shows half of the 61 y 33 grid used for the bluntbody problem.
For the Moo = 25 case, the shock stand off distance is at approximately fourteen points from the wall on the symmetry axis. The relaxation procedure for the explicit methods employs a second-order Runge-Kutta time discretization with a CFL of 0.5 (solution not shown). The parameter 6" is set to a constant value of 0.15. Pressure and Macb number contours converge and stabilize after 3000-4000 steps but the convergence rate is much slower for the density (with a 2-3 order of magnitude drop in L,-norm residual). The bow shock is captured in two to three grid points.
The curve fits of Srinivasan et al.. [39] are used to generate the thermodynamic properties of the gas.
The same flow condition was tested on the implicit scheme (I2) and the convergence rate was found to be many times faster. .The convergence rate and shock resolution forthe symmetric TVD-type scheme (12) behave similarly. For Moo = 15 case,the g2-norm residualstagnated aftera drop of four ordersof magnitude.
In general, for a perfect gas with 10 _< Moo _< 25 and a not highly clustered grid, steady-state solutions can be reached in 600-800 steps with 12 orders of magnitude drop in the L2-norm residual. However, the convergence rate is many times slower for the real gas counterpart. Figure 5 shows the convergence rate for a perfect gas compared with a real gas computation with a fixed CFL of 50. Note that the scale of the ordinates used in figure 5 for the perfect gas and the real gas are not the same. The freestream conditions for the real gas study are the same as figure 3. An important observation for the behavior of the convergence rate for the Mach 15 real gas case is that the discontinuities of the thermodynamic derivatives which exist in the curve fits of Srinivasan et al. [39] might be the major contributing factor. This is evident from figures 2d and 3d and from a comparison with the convergence rate for the perfect gas. Another contributing factor is that the curve fits are accurate only for temperatures up to 6000°K. Since the temperature in this case is slightly above 6000°K, there is an uncertainty in the accuracy of the computed results. Further improvement of the existing curve fitting procedure is needed.
Inviscid Impinging Shock Computations:
Figures 6 and 7 show the schematic of the computational domain, the Mach contours and L2-norm residual computed by the implicit upwind scheme (12) (with 0 = 1, w = 0) of an inviscid shock-on-shock interaction on a blunt body with radius Rt and thickness D = 2Rt in the low hypersonic range. Higher inviscid hypersonic Mach number computations using the proposed scheme are also possible but are not shown here. Some viscous and inviscid studies on flow fields of this type were reported in references [34, [40] [41] [42] . This flow field is typical of what may be experienced by the inlet cowl of a hypersonic aerodynanfic vehicle. The freestream conditions for this flow field are the freestream Mach number Moo = 4.6, the freestream temperature Too = 167°K, and 7 = 1.4 for a perfect gas. An oblique shock with an angle of 20.9°relative to the free stream impinges on the bow shock. Various types of interactions occur depending on where the impingement point is located on the bow shock. As shown by the Mach contours ranging from 0 to 4.55 in increments of 0.05, the impinging shock has caused the stagnation point to move away from its undisturbed location at the symmetry line. The surface pressures at the new stagnation point can be several times larger than those at the undisturbed location of the stagnation point. In addition, a slip surface emanates from the bow shock and impinging shock intersection point and is intercepted by a shock wave which starts at the upper kink of the bow shock. The interacting shock waves and slip surfaces are confined to a very small region and must be captured accurately by the numerical scheme if the proper surface pressures are to be predicted correctly.
The 77 × 77 grid used and the convergence rate computed by the implicit scheme (12) are shown in figure 7 . Though the pattern of the flow is significantly more complicated than for the previous cases, the convergence rate remains quite satisfactors: As shown in figure 6 at the inflow, all of the inviscid and viscous interfering blunt-body computations start with the appropriate freestream and oblique shock wave conditions as boundary conditions. At this point, it is important to point out that the time step sequence used for the viscous steady flows is very different from the inviscid study. Most of the inviscid computations use the same initial time step input together with a local time-stepping procedure throughout the entire iteration process. The time step sequence chosen for the viscous steady calculations is based on experience with a wide range of hypersonic flow simulations and consists of doubling the time step every 100-400 time steps until the specified time step is reached.
Viscous Steady
The initial time step is At = 0.001 which corresponds to a maximum Courant (CFL) number of 10 to 20 for the current problem and grid size. Larger values of the initial time step usually prevent convergence.
The A more difficult flow field computation is depicted in figures 10 and 11. The results using the same second-order time accurate full matrix algorithm are shown in figure 10 . The convergence rate is slower than for the blunt body non-interfering case but is still satisfactory. The residual dropped seven orders of magnitude in 3000 steps. In both of the blunt-body flow with or without impinging shocks, steady-state can be reached within 1000-1500 iterations. The extra iterations are needed only to bring the residual to a lower level but no change in the coutour plots or surface pressures at least to within 3-4 digits of accuracy is observed.
However, the results shown in figure 11 using the diagonal scheme are not satisfactory.
The residuals dropped less than two orders of magnitude in 3000 steps. The noise appearing on the Mach number and entropy contours in the upper portion of the bow shock using the diagonal form of the scheme indicates that the algorithm has a problem reaching the converged steady-state solution.
All of the results obtained for figures 8-11 have the viscous terms included in the implicit operator. If the viscous terms are not included in the impicit operator, then the full matrix scheme becomes unstable for At >_ 0.004, whereas the diagonal scheme exhibits no change in convergence rate.
In summary, front the point of view based on the L_-norm of the residuals, the best convergence rates were achieved by the full matrix form with the viscous terms included since it allowed the residual to drop to machine accuracy (10 -14 ). The diagonal form (13) did not fare too well. Although there is a substantial savings in operation count per iteration, the £2-norm of the residual never dropped below 10 -6 for all the time steps considered. Moreover, the inclusion of the implicit viscous terms had little effect on the diagonal form of the scheme but is important for the full matrix form of the scheme. [14] Vinokur, M., "Generalized Roe Averaging for Real Gas," NASA Contractor Report, in preparation. 
